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HOLDER REGULARITY AND UNIQUENESS THEOREM ON WEAK 
SOLUTIONS TO THE DEGENERATE KELLER-SEGEL SYSTEM 

SUNGHOON KIM AND KI-AHM LEE 


Abstract. In this paper, we present local Holder estimates for the degenerate Keller-Segel system 
OA'gml l below in the range of m > 1 and g > 1 before a blow-up of solutions. To deal with difficulties 
caused by the degeneracy of the operator, we find uniform estimates depending sup-norm of the 
density function and modified the energy estimates and intrinsic scales considered in Porous Medium 
Equation. As its application, the uniqueness of weak solution to diLg^l ) is also showed in the class 
of Holder continuous functions by proving L^-contraction in this class. 


1. Introduction 


We will investigate the regularity theory of solutions to degenerate parabolic equations and derive 
the uniqueness of such solutions. More precisely, we consider the following degenerate Keller-Segel 
system: 


{KS^) 


' ut = V- (Vu™ - r'?" Vu) , t>0, 

< 6vt = Av — jv + u X € M”, t > 0 

u{x,0) = uq{x) X G M"", 


where n > 2 and m > 1, g > 2, 7 > 0, d = 1 or 5 = 0. The initial data {uq,vq) is a non-negative 
function and in fl x n fl with tt™ G The standard system with 

m = 1, q = 2 and 5 = 1 was introduced by Keller and Segel m in 1970. They presented a 
mathematical formulation which is modelling aggregation process of amoebae by the chemotaxis 
on the simplest possible assumptions consistent with the known facts. Although they suggested the 
general system, these types of systems become the most common formulations which are describing 
a part of cellular slime molds with the chemotaxis. Usually u{x, t) stands for the cell density, 
v{x,t) refers to as the chemotaxis concentration at place x G M"', time t > 0. We call 
the parabolic-elliptic Keller-Segel system and parabolic-parabolic Keller-Segel one when <5 = 0 and 
(5 = 1, respectively. Mathematical modelling for the Keller-Segel system with porous medium type 
diffusion can be found in |19] and nonlinear diffusion has been suggested by Hillen and Painter, [ 6 ]. 

In the parabolic-elliptic Keller-Segel system, it was shown by Sugiyama and Kunii [18] that for 
every non negative data {uo,vo) G n L°°) x (L^ n fl with G there exists 

at least one weak solution of ( |iA5mD on [0, 00 ) when m > q — In the case of 1 < m < q — the 


’n{q — m) 

global solution has been guaranteed when the initial data has a sufficiently small L 2 -norm. 


In parabolic-parabolic Keller-Segel system, it was also shown by Sugiyama and Kunii [18] . Ishida 
and Yokota laiEi that, for the same initial data as parabolic-elliptic system, there exists at least one 
weak solution of on [0, 00 ) provided m > 1 and m > q—^. In the case of 1 < m < q — the 

local and global existence of weak solutions has been established for large and small initial data, 
respectively. It is still in progress to find solution of (jKSmi under more general conditions. 

Large number of literatures on the regularity theory for the weak solutions of degenerate parabolic 
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equations can be found. We refer the readers to the papers m. [9] for the Schauder and Holder 
estimates of the porous medium equation in a bounded domain, respectively and to the paper 
m for the Holder estimates of the non-local version of fast diffusion equation. We also refer 
to the papers [12], m for the regularity theory of fully nonlinear integro-differential operators 
and the paper m for the Harnack inequality of nondivergent parabolic operators on Riemannian 
manifolds. 

The ultimate goal in this article is to establish the regularity theory of the weak solutions of 
i\KSm\ ) under some regularity conditions on the initial data (uo,no) and {u,v). Especially, we want 
to investigate the local Holder estimates of u'^. As an application, we will also show that the weak 


solutions of ^KSm ) are unique in the class of Holder continuous functions. 

Uniqueness results have been achieved under some regularity conditions. Sugiyama and Yahagi 
|22j introduced the space L^(0, T; LP(M”’)) with some s and p for the uniqueness and continuity of 
weak solution with respect to the initial data. Based on the L^-contraction principle, uniqueness 
was shown in [22| when the weak solution u as well as dtu and has the additional regularity 

in L*(0,r;LP(M^)). 

Since the term of d AT 5*^1 ) can be thought as the perturbation of An™', it seems to be 

reasonable to investigate uniqueness of solution of ^KSm ) under the setting similar to the one for 
porous medium equation. On that point, Kagei, Kawakami and Sugiyama m showed that weak 


solutions of <\KSml with = 0 exist uniquely in spaces of Holder continuous function in x and t. 
Their work was extended to the parabolic-parabolic system by Miura and Sugiyama [T7]. In [17j . 
they adapt the duality method (the existence result for the adjoint equation yields the uniqueness 
of solutions to the original equation) coupled with the vanishing viscosity duality method to achieve 
the uniqueness result. 

As pointed out above, several terms, for example ut and should have some regularity to 

obtain the -contraction principle. However, at this time, we assume only u,v £ L°°. Hence, we 
need more steps to improve the regularity conditions of u and v to get the uniqueness of solutions. 
On the other hand, since Holder continuity is optimal regularity for the weak solution of the porous 
medium equation, our regularity result will be enough to investigate uniqueness of the solution of 
with assistance from the contraction principle. 

Throughout the paper, we are going to consider the weak solution of l\KSmh The definition of 
weak solution is given as follow. 

Definition 1.1. Let T > 0. A pair {u,v) of non-negative functions defined on M” x (0, T) is called 
a weak solution to ( |i75mD on [0, T) if 

(1) u£ L°°(0,r;LP(M")) (Vp € [l,oo]), n™ G (q, T; 

(2) n G (0,T;i7i(M’^)), 

(3) {u,v) satisfies (jKSmi in the distribution sense, i.e., for every tp G x [0,T)), 

f [ (y■ S/ p — V ■ V p — upt) dxdt = f uo{x)p{x,0) dx, 

Jo Jr Jr 

/ / (Vv ■ Vp-\-^vip — up — dvpt) dxdt = / vo{x)p{x,0) dx. 

Jo Jr Jr 


In particular, i/T > 0 can he taken arbitrary, then {u,v) is called a global weak solution to l\KSm\l - 


The paper is divided into three parts: In Part 1 (Section [2|), we intorduce some estimates which 
will be an important key for the result. In Part 2 (Section [3|) we study the Holder regularity of 
solution to the degenerate equation 

ut = V (Vn™ - n'?" Vn) . 
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It is simple observation that Holder estimate of solution will be strongly effected by the coefficients 
and extra term Vu. Hence, proper conditions need to be imposed to q and Vu for the result. Part 
3 (Section |3|) is devoted to the proof of L^-contraction of solution to the degenerated Keller-Segel 
system. Based on estimates of Section 2 and 3, we will discuss the uniqueness of solution. 

2. Preliminary estimates 

In this section, we introduce several estimates that will be used repeatedly in the proof of Holder 
regularity and in the uniqueness of solution. We first define the localized weight function ijj, which 
is introduced in m- 

Lemma 2.1. We define the loealized weight funetion by 

1 for 0 < r < 1, 

1 _ OIt - 1'\2 

^{r) = < 


1 — 2(r — 1)^ for 1 < r < |, 

2(2 - r)2 /or I < r < 2, 

0 for r >2 

and define ipfix) := x € M” and / = 1,2, • • • ,. Then, there exist positive constants ci 

and C 2 depending only on n such that 

for X € M”. 


|V'i/i(a;)| < — (i/z(x))2 , 


|Ai/z(x)| < A 


Next, we reviews the well-known representation from the elliptic theory. We refer the reader to 
the books [20] by Stein and the paper [T] by Aronszajn and Smith. 

). Let n > 2, 1 < p < oo and f G LP(]R"') and consider the 
Vx G M” 


Lemma 2.2 (cf. Lemma 3 in 
problem 

(2.1) — Az + 'yz = f 

Then, the function z{x) G given by 


z{x) = j G{x-y)f{y)dy 


=-\/7hl 


f 


„-^\x\s 


N -I 


n—3 

o 2 \ — 


S -k 


ds 


is the strong solution of (HID in M"’. Here, G{x) is the Bessel potential which can be expressed as 

G(x) = 7^-1 

with the constant Un given by 

( Af -1 

an = (2 (27r) 2 P 


Hence, for f G L°°(M”), it holds that z, Vz G L°°(M"') with the estimates 

Ikllioo < IIGII^i ll/ll^^ , llVzIL^ < IIVGII^I ll/ll^^ . 

For f G it holds that Vz G L^(]R"') for all 1 < p < with the estimates 

llVzll^, <||VG||^,||/||^^. 


By the semigroup theory with estimates for the heat semigroup, we obtain the following 

fundamental estimates of solution to the Cauchy problem for inhomogeneous linear heat equations 
which will play an important role in establishing the a priori estimates of solution v in ( KSm ) • 





4 


SUNGHOON KIM AND KI-AHM LEE 


Lemma 2.3 (cf. Lemma 5 in [l8]). Let nSN, r>0, <5 = 1, l<p<oo and zn € If 

f e L\0,T);LP{R^), then 

zt = Az — 'yz + f, X € M”, i > 0, 
z(x,0) = zo{x), X G M” 

has a unique mild solution z £ C ([0, T]; L^(M”)) given by 

z(x, t) = e-^e^^zo + f s) ds, t £ [0, T] 


, A _ N ^ \x — y\'^ 

where {e^^f){x,t) = (47rt) = e ^f{y,t)dy. 

Moreover, let 1 < p' < p < oo, ^ | ^ o,nd suppose that z is the solution of 

5zt = Az — 'yz + f, X £ M”, i > 0, 
z{x,0) = zo{x), X £ M” 

where zq £ If f £ L°°{0,oo] U*'{ML)), then there exists a constant C >0 such that 

lkWllLP(R") < IkollLP(Rn) +cr(a)^supj|/(s)||^p/(j^„) 

and 


0<s<t 


( 2 . 2 ) 


\\Vz{t)\\ 

LP(M") — llV^oll LP(]R") + CT(a) ^supJ|/(s)||^p/(iR„) 


for t £ [0, oo), where C is a positive constant independent of p, r(-) is the gamma function, and 
^ = {7 - i) ■ Yra = I - {jr - 

In addition, let |V* 2 :o| £ LP{W^), and f £ L^(0, T; VL*“^’^(R”)) fori = 1,2,3. Then, it holds that 

t 


1^ ^(^)|Ilp(K") — 11^ ^o|Lp(R") 


+ 2 {p + N- 2 )J ||V* V('S)||ip(jjn) fort£[ 0 ,oo). 


3. Holder continuity 


This section will be devoted to proof of Holder regularity of (\KSm\ l- We start by stating our 
first result, Sobolev-type inequality. 

Lemma 3.1. Let r]{x,t) be a cut-off function compactly supported in and let u be a function 
defined in M"’ x (ti,t 2 ) for any t 2 > ti > 0. Then u satisfies the following Sobolev inequalities: 

(3.1) 


< C'l|V(r?u)||^2(Rn) 


and 
(3.2) 
for some C > 0. 


^llL2(tl,t2;L2(R")) ^ <^( sup ||r/n||^2(Rn) + l|V(??u)||^2(t^_t2;A2(R-)) ) \{vu > 0}|"+2 


Proof. Since the first inequality is a well-known result, it suffices to prove the second inequality. 
We will use a modification of the technique of [24] and [H] to prove the lemma. Let Xvu{x,t) be 
the function with 

I 1 pu > 0 

0 pu = 0 , 


Xr,u = 
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then we have 


j^t2 p pt2 r 

= / / \vu\'^dxdt = / \r]u\‘^x^.dxdt 

Jti JR" Jti JR" 


Thus, by the Holder inequality, we obtain 

rh 


lul 




< 


+2 \ ^+2 


\r]u\‘^'^ " )dj; 


n+2 \ n+2 


(x,J " dx 


dt 


rt2 


/ " ^dxdt\ |{r/ri > 0 }|"+2 

jR" / 


Now we use interpolation inequalities of U’ spaces, 


rt2 


|r 7 Mp'( " )dxdt 


n+2 


< 


ri2 


Ir/updx 


(l-/3)p 


) dt 


0_P 

q 


where 1 < p = ^ < q and = = = + (/3 = =). Thus 


r/ hn 

Jti Jr" 


H^)dxdt 


p 9 ' 1 

n 

n+2 


< sup 
£l<t<t2 


/ h 

Jr" 


urdx I + 


ft2 


\r]u\'^‘^dx ] dt. 


where q = By (13.11) . we have 


which gives the desired result. 


\7]uf'^dx ) < C 


' [ |V(?7u)p(ix, 

Jr" 


□ 


In order to develop the Holder regularity method, it is necessary to localize the energy inequality 
by space and time truncation. Hence, we need to derive Local Energy Estimate in the interior of 
M"" X (0, 00 ) which will be the main tools in establishing Holder estimates of solutions. Assume that 
Bj. is the ball of radius r centered at 0 € M”. 

Lemma 3.2. Let ti < t 2 , q > 1, m > 1 and let {u,v) be a weak solution pair to (13.11) . Then, there 
exists a constant C < 00 such that for cut-ojf function rj compactly supported in Br and for every 
level k, 

(3.3) 


/ / 

J BrXft2} Jo 


lBrX { t 2 } 

< 


n(u™--fc)± ^ 

{k±C)^-^CdC 


Cm /'/ (u’^-k)^jVr/l^dxdt+ f f [ 

\ Jtl J Br Jtl J Br J 0 

L 


dx f f \V{r]{u^ — k)±)f dx dt 

J t\ J Br 

t2 r \ /■{u”'-k)± 

ik±0-~"Cd^ 


+ / n 

J BrX{tl} 


{u”^-k)± ^ pt2 p 

{k ±f,)^~^f,df, dx-\- / 

jb j e 


ti J Brr\{{u'^ —k)±>0} 


\r]r]t \ dx dt 


Proof. We will use a modification of the technique of m to prove the lemma. We have for every 
ti < t < t2. 


[ {u'^ — k)^rfutdx + f V — k)^rf) ■V{u^) dx = f [{u'^ — k)^rf^ -Vv 

J Br ^ Br 'J Br 


dx. 
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Then, 


— / “T / rf dx + / |V ((n™ — A:)j_ 7/) 1^ hx 

< f {u^ — k)^\Vr]\'^ dx + [ [{u"^ — k)^r])-Vv dx 

J Br Br 

+ / u'^~^ {u^ — k)^ rjVT] ■ VV dx. 

J Br 


(3.4) 


By Young’s inequality, 


(3.5) 

/ u'^ ((^ 

J Br 

and 


(3.6) 

J Br 

1 i 


' dx 


I Br.r\{{u^-k)±>0} 


^2((? 1)^2 |y.j;|2 


) dx 


< 


' Brntin™-—fc)±>0} 


l)j^2 |y.y|2 


Putting (13.Sp and (13.6p in (|3.4p and integrating it in over (ti,t 2 )) we have 
(3.7) 


1 


JBj.x{72} 

3 7^2 


/■ „ r{w-k)± 

/ d / (/c±0^" 

JBrXHo ^ Jo 




dx + - f f \V{ri{u^ — k)±)f dx dt 

2 Jti JBr 


< 


''(w—k)± 


/ / (n”" - A:)± |V7?|^ dxdt H-/ / / 

Jtl JBr iq JBr [io 

"ijBrXtilt JO 


>■(«) —fc)j- 


(A:±0^" 


/7 

v/ti J E 


ti J Brn{{u^-k)±>0} 


\r]r]t \ dx dt 

rj'^ |Vxp dxdt. 


□ 


and consequently obtain (I3.12p . 

Lemma 3.3. Let = {x € : {u^{x,t) — l)± > 0} and let i] be a cut-off function compactly 

supported in Br- Then, there exist constants q, r, k and I > 0 such that 


ri 


ti JBrn{{u^-k)±>0} 


rt2 


^2(9 ij ^2 |y^|Z ^ 3 . ^ J j I A^fft) 


dt 


r(l + K;) 


Proof. We use a modification of the technique of [3] to prove the lemma. We first choose constants 
«!, 02 > 1 satisfying 
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for some constant 0 < ai < 1. Then, by Holder inequality, 
(3.9) 

to r 

|y^|2 (jixdr 


ri 

J U J Bi 


hi JBrn{{u^-k)±>o} 
h2 


< 


HL 


ft2 


< 


Iti \J B; 


^2ai(g-l)^2ai |y^|2ai j 

^2ai(g-l)^2ai|y^|2ai^^'j“l 


1—n 

dr 


— ^ “2 / /■t2 




“1 / “2-1 


1 --!- 

“2 


dr 


Since u is a weak solution of (KSmtl, by Lemma 12.31 there is a constant I > 0 such that 


( t \ - 


Combining this with (j3.9[l . 

(3.10) r f 

J Brn{{u'^—k)±>0} 

For simplification, we let 

(3.11) -_2<i'l(l + -) 


rh 


^2{q-l)^2 |y^|2 ^ I ^ 


1 -- 


1 ) “2 


1 --!- 

“2 


dr 


202(1 T k) , 2 

, r =- and k = —Ki. 

oi — 1 02 — 1 n 


Then, by (j3.10p and (j3.11jl . 
rt2 


n 

Ju J Bi 


U 


2{q 1)^2 |y ^|2 < I I / 2l^r(r) 


rh 


f \ 1(1+1^) 
'' dr 


Itl J Brn{{u”'-k)±>0} 
and the lemma follows. 

By Lemma 13.21 and Lemma 13.31 we have the following Local Energy Estimate. 


□ 


Corollary 3.4 (Local Energy Estimate). Let ti < t 2 , q > 1, m > 1 and let (u, v) be a weak solution 
pair to (IMI). ITe also let p, q, f, k, I > 0 be given by Lemma lg.3l Then, there exists a constant 
C < 00 such that for cut-off function p compactly supported in and for every level k, 

(3.12) 


/ / 

J Br-XHo\ Jo 


>BrX{t2} 

< 


-(u^-k)± 


{k±f)^-^^d^ 


dx f f \V{r]{u^ — k)±)f dxdt 

Ju J Br 


( rt2 r rt2 r r{u'^-k)± ^ 

/ / {u^-k)l\Vr]fdxdt+ / / {k±^)^-^fdf 

Jtl JBr Jtl JBr Jo 


\rirjt \ dx dt 


+ / d 

J BrX{tl} 


L 


{u'^—k)± 


(A; zb ^ 


dx + 


rt2 


hi 




dr 


2(i+k) 


where Af^{t) = {x G : {u^{x,t) — l)± > 0}. 


From now on, we start the story of Holder continuity of the solution u ol \KSm To develop the 
Holder regularity method, we need to handle the difficulty from the degeneracy. To get over it, we 
use the technique developed in 0 , 0 , a, m- 
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The key idea of the proof is to work with cylinders whose dimensions are suitably rescaled to 
reflect the degeneracy exhibited by the equation. To make this precise, fix (xo,to) ^ x (0, T], 
for some T > 0, and construct the cylinder 

[(xo, to) + Q(2i?, R^-^)] C M” X (0,T], (0 < ii < 1) 

where e is a small positive number to be determined later. After a translation we may assume that 
(xo,to) = (0,0). Set 

^ = sup U , M ^ ^ = OSC U = fl — fJ, . 

Q{2R,R2-^) Q{2R,R?-^) Q{2R,R?-^) 

and construct the cylinder 

(3.13) Q {R, a^^R^) =BrX (-Oq O) , (^ao = j, a = 1 - 

where A is a constant to be determined later only in terms of the data. We will assume that 

(3.14) a; = (^)° > R'. 

By (j3.13p and (I3.14h . it can be easily checked that 

Q [R,aQ°‘R^) C Q{2R, R^~‘^) and osc u^<lo. 

Q{R,a-°‘R2) 

To begin the proof for the Holder estimates, we consider sub-cylinders of smaller size in Q{R, aQ°‘R?) 
constructed as follows. For any integer sq > 0, let sq be the smallest integer such that 

(3.15) — < 1 
and construct cylinders 

Q{R,e^<^R% (^0 = ^). 

If the number A is chosen larger than 2^°, These are contained inside Q{R,aQ°^R?) and, by p.l4l) . 

(3.16) 

We now first state the first alternative in this section states: 


Lemma 3.5. There exist positive numbers p independent of R, A, p,^ and oj such that if 


(3.17) 

then, 


{(x,t) G Q {R,eo^R^) : u^{x,t)<p- + ^]\<p\Q (i?,0o"“^')l 
u{x,t) > p~ + for all {x,t) G Q (1)^^ 


2 * 0+1 ’ 

Proof. We will use a modification of the technique of [3] to prove the lemma. Set, for any non¬ 
negative integer i, 

" " _ / w 

= a -I- I - 




and i. + 


2 2*+i 

We also denote 

A{li,R^) = {{x,t)£Q {R,e^^R^) : u^{x,t) < k] . 
From the definition, we have 


\A{li,Ri)\ = [ \{x e Br. : u^{x,t) < li}\ dt. 
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We consider a cut-ofF function rji{x,t) such that 

rji = l ing(i2,+i,V^2^i), 

^ rji = 0 on the parabolic boundary of Q (-Rj, 

2i+2 22(*+2)6»“ 

|V?7il < -. 

We will use the Corollary 13.41 for the function u* = (tt"* — /*)_ over the cylinder Q (Rj, 0(5"“^?^) 
where i = 0,1, 2, • • • . To control the first term in (13.121) . we consider the function F{^) : —>■ M 

defined by 

F(0 = (^>0, 0<(<iu^-k)_<k). 

By simple computation, we have 

(3.18) and 0<u^<k. 

Then, by (I3.18D . 

(3.19) j ■ F{C) di > k^-^{u^ - k)_ - {k^-^ - (u™)^-“) 

Since 2 — a>l — a>0, by (I3.19p . we get 


(3.20) 

By (12201), 


I 




F(0 dC > (u^ - kf-^ - - kf-^ = —^(n"^ - kf-^ 

vs; s _ V ^+1^ >- m+F 


1 


f 

■ r{u---k)_ ^ 

J Br'X.{t2} 

Jo 


dx > 


m + l JBr>c{t2} 


(u”^-A:)l“ [r]{v!^-k)_f dx. 


Applying Corollary 13.41 on A{Ri,li) and multiplying by 6q, we can get 
(3.21) 

sup \\ViU*\\l2^Bn.) + ^0 l|V {ViUi)\\l2^Q(Bi,e^^R^)) 


-e-°‘R}<t<o 


< Cmd^ 


22(i+2)^2 

22^0 i?2 


(1 + 2m) 


/•O 



/•O 


, \ |(1+W 



dt \ 



" dt 


for some constant C > 0 where j^{t) = {x G Bji : < 1}. We introduce the change of time- 

variable z = O^t which transforms Q{Ri,6^^Rf) into 

Q, = g(Ri,R2). 

Setting also 

v(-,z) = u{-,0q‘^z) and rii{-, z) = i^i{-, 9^°^z), 
the inequality (I3.2ip can be written as 

sup WmvnhiBn,) + l|V idi<)\\l^Q{Ru-R^)) 


(3.22) 


-Rf<t<0 

< Cm 


22(*+2)|^2 
22^0 R2 


f (1+^) 


(1 + 2m) Zi 9 q‘ 


l-R? 


\Zi{z)\^ dt 
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where 


Zi{z) = {x e Br. : v{x,z) < k} and Zi = [ \Ai{z)\ 

J-m 


dz. 


By Lemma 13.11 and (j3.22p , we get 


hivlW 


(3.23) 


l^(Q{RuR^)) 
< Cm 


22{i+2)J2 


i(l+K) 


22soR2 


(1 + 2m) Zi + y jZi{z)\-i dt 


2 

^ n+2 


Cm22h+2)a;2 

22^0 i ?2 


1 + 


(l + 2m)Z. "+^+Cm0“2Z. 


o: 2 / rO 

1^2 yn+2 


’ r\) 

J-Rl 


i(l+K;) 


\Zi{z)\^ dt 


We also have 


/ > (/j+i - k)'^ / |{(x,t) G : n™ < /i+i}| dt 

(3.24) ■^(3(«nii?) J-Rl 

OJ N 2 


2i+so+2 y 


By (13:^ and iKm . 
(3.25) 

Cm24*+® 


(1 + 2m) zl^^+^ + Cm22*+40p "V—i « 2 y ^™+2 




i(l+K;) 


l-R? 


\Zi{z)\^ dr 


Divide by \Q [Ri+i, Rf^i) \ and set the quantity 

Z^ 


Xi = 


\Q{ii..Rl)\ 

Then, we obtain from (13.251) that 


and Yi = 


\BRi\ \J-Rf 


\Zi{z)\^ dr 


(3.26) 


■ / 1+^ 

Xi+i < C16* + do “2 


J^nK,^ n+2 y 1-\-K, I 


If we choose e small enough that 


e < riK 


2m 1 


m — 1 02 


then by (I3.16h and (I3.26p . we get 


(3.27) 


Xi+i < C716* ( +X"+^T.i+ 


Vn G Z+ 
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11 


(3.28) 


yi+i {k — k+i)"^ < —j 

I ^Ri+l I 

1 


l-RU, 


{r]iV*y dx dr 


< 


\^Ri+i\ 


l-Rj XJBf 


iViVij dx dr 


Observe that, by (13.811 and (13.111) . 

(3.29) 

Then, by Holder inequality, 

(3.30) 


n 2 n 

q r 2 ’ 




dx] =( [ (7/,<){"(i-^)}+{9-”(i-^)} dx 


'Br, 




i(g-n(f-l))- 


< 


IBr, 


dx 


>Br, 


ir]iV*) dx 


(i-l)'f 


dx 




ibr, 


{r]iV*Y dx 


By arm . (fMD and (lOni) . 

1 


1-4 


yi+i{h — h+i) < 


< 


\Br 

i+l I \—Ri<t<0 

1 


sup WViV* \\l2 (Br.) 


<-Rl \JBr. 


{rjiV*)’^-^ dx dr 


\Br 

"i -1~ 1 I \ i ^ 0 

Thus, by Sobolev inequality, dMD 

1 


sup iihi<iii2(B^) + 


'-Ri \JBf 


(? 7 jU *)"-2 dx dr 


yi+i{li — h+i) < 


sup \\'niVi\\l 2 ^BR.) + l|V {'niO\\LYQ{Ri,RY) 


*M|2 


\Br, 


+ 11 \—Rf<t<0 


Therefore, by (13.211) . 

(3.31) 

Let 

Then, by (j3.27jl and (j3.3ip . 


Ti+i < C716* {Xi + , Vi G Z+. 

L^ = x^ + yy^ ViGZ+. 


(3.32) 


1 + 


Li+i = Xi+i + < C16* ( X, 1 + 


< (7l + Kl6*(l + K) 


X 


1 + 


n + 2 _j_ ^ 7T+2 ^1 + /^ _j_ 


•Oil'll 
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Note that Xi < and < L^. Hence, if Lj < 1, then 


Li+i = X*+i + 


1 I ^ 

2^ n+2 I y\-\-K 


+ L 


a = mm < k, 


n + 2 


Lo = Xo + < I — 


If we choose the constant p in (13.171) sufficiently small that 
(3.33) 

holds, then 

Li < 


1 

2C 


1 + /^ 1 + K, 

1 ' 

16 


1 


{l + K)(l + cr) (l + ft)(l+icr) 

1 \ ^2 


16 


Vi G Z+. 


Therefore, Xi and T) goes to zero as i —>■ oo and the lemma follows. 


□ 


For the alternative case, we follow the details in [3] and m- We suppose that the assumption 
of Lemma 1531 is violated, i.e., for every sub -cylinder Q{R,6q°^B?‘) 


(3.34) 

Since 


{(x,t) G Q(ii,0(7“i?2) . 


{xR)<p- + ^}\>p\Q{R,e^^R^ 


OJ 


u H- < u — 

^ 2^0 ~ ^ 


OJ 

2*0 ’ 


we can rewrite (j3.34p as 

(3.35) |{(x,t) G Q{R,9^^R^) : u^{xR) > p+- < (1 - p) |Q(i?, 0-“i?2)| 

valid for all cylinders 

Q{R,9o‘"R^) cQ{R,ao‘^R^). 

Then, by arguments similar to the Lemma 4.2 in m, we get the following lemma. 
Lemma 3.6. If (I3.17P is violated, then there exists a time level 


t* G 


—a t) 2 P n—a jy2 


a—a Tyz 
C7o ti , 


R^ 


such that 


jx G : u'^{x,t) > 


< 


l-p 

1 - £ 
^ 2 


\Br\. 


The lemma asserts that, at some time t*, the set where u™ is close to its supremum captures 
only a portion of the The next lemma give us that this occurs for all time levels near the 
Q{R,9q^R^). Set 


H = sup 


2*0 / /. 


Lemma 3.7. There exists a positive integer si > sq such that if 

OJ 


H > 


2*1 ’ 


then 

(3.36) 


\^x € Br: u^{x,t) > p+- < ^1 - (^0 ^ VtG[r,0]. 
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Proof. The proof is similar to that of Lemma 7.1 of the Chapter III in [3]. We introduce the 
logarithmic function which appears in Section 2 in [3] 


T {H, {u^ — fc)+, c) = max < log 


H 


H -{u^ - k). + c 


for k = fj,'^ — c = For simplicity, set T (FT, (ix™ — k)_^_ ,c) = We next apply to the 

first equation of (\KSm^ the testing function 


mu 


" (u*=u"^, a = l-l^ 


where ^{x) is a smooth cut-off function such that, for 0 < u < 1, 

^ = 1 in ^ = 0 on OBr 

and 

Then, we have for every t* < t < 

[ dx = - [ Vu™ • V dx 

JBr JBr ^ ^ 

- [ • V (mu^-^ dx 

JBr ^ J 


< —2 (m — 1) / u |Vtt™p dx — 2m / + |Vtt™p dx 

Jbr 


'Br 



JBr 

-|- 4m 

[ «™-V| 


IBr 

-|- 2m 



'Br 


'Br 


By Young’s inequality, 

[ f,'^) f-dx < — {m — 1) f u~^ip(p'f,'^\\/u^\^dx — m f |Vrt™'|^ dx 

J Br J Br J Br 

(3.37) +8m [ u”""V|VC|^dx 

Jbr 

+ 6m f (1-1- u^) (1 -|- </?) {(p'Y dx. 

JBn 


Note that 

(3.38) 

and by Lemma 13.31 

(3.39) 


ip = 


H — {u^ — k)+ + c 


> 0 



t* J Br 




< (1 + (f+r) (1 + (s, - «) log2) ( — ) (f<+ - 2^ 


2^1 y 


U) J 


iO \ 2g-3 


\A+{t)y^ dt 


i(l+K;) 
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where 


|A+(t)| = ^x£Br: u{x,t) > /!+ - 
Thus, by (|3.15p . (|3.37p . p3.38p . p3.39p and Lemma [3^ 


sup / — k)-,c){x,t)^‘^{x)dx 

t*<t<Qj Bn 


(3.40) 


< (si - so)^ (log 2) 


1 - £ 
^ 2 


2I^-P\\c I , 8m (2*0)" (/i+)™ ^(si-So) log 2 


\Br\ + 




+ 6m (1 + (^+)™) (1 + (si - so) log 2) (^fi+ - 


\Br\ 

CJ \2q-3 


a{ 1—L 


\Br\ 


where 02 is given in (13.81) . If we choose e small enough that ^ (^l “ then by (13.161) and 

(ICTI) . 

(3.41) 


sup / — k)-,c){x,t)^'^{x) dx 

t*<t<0 JBji 


1 - £ 
^ 2 


< (», - (log2)^ ( Ll|) |B«| + S'"(»■-».) log2 ,^^, 




2*1 


LO \2q-3 /2*0\"l^"^ 


+ 6m (1+ (/!+)”*) (l + (si-So) log 2) 11-J j ' \Br\- 

The integral on the left hand side of p3.4ip is bounded below by integrating over the small set 

|x e : u™(x,t) > . 


On such a set 
(3.42) 


ih if, 


u \\ iO 


2*0 


, ^) > (si - so - 1)^ (log2)^ 


Thus, by (I3.13p . (I3.4ip and (13.421) , we get 


{x € : u^{x,t) > - ^} 


< 


Si — So 


si-so-iy Vi- 


+ 6m (1 + (^+)"^) 


, , 8m(2*o)"(;i+)—i(si-So),„ , 
-p \Br\ + ..2. -:— ^T2TZZ:^\Br\ 


i 2 ^uj°‘{si — So — 1)^ log 2 


1 + (si - So) log 2 
(si - So - 1)2 (log 2)" 


2*1 V / + w \2g-3 / 2 *o 


0 




\Br\. 


On the other hand, 

|x G .Br :'u™(x,t) >/!+- < |x G .B(i_^)r :'u™(x,t) >/i+- +nu\BR\. 
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Therefore, 

(3.43) 

|x e Sij : vJ^{x,t) > //+ - 
^ ( Si — So ' 


I- p 


Si - So - 1 
+ 6m (l + 


1 - £ 
2 


IP I I nriP I I ^(Sl-S0)|p I 

l + (si-so)log2 ^ / + W \ 29-3 /2^0\«(1 


(si - So - 1)2 (log2)^y \ ^ J 


— -r 


2*0/ 


A 


\Br\. 


To prove the lemma, we choose u so small that nu < \p^ and si so large that 


S2 - Si 


< (1 - lp| (1 + rt 


a..d < 1^1 

u2a;"(si — So — 1)2 log 2 4^ 


.S2 - Si - 1 

For such u and si, we can also choose A in (I3.13jl sufficiently large that 


6m (l + (/i’*')™') 


1 + (si - So) log 2 


2*iy/+ w \ 25-3 / 2*0 




2*0 J 


y-A) 


< -jp 


□ 


. (si - So - 1)2 (log 2f J \ U} J 
Then, the inequality (j3.36p holds and the lemma follows. 

Corollary 3.8 (cf. Corollary 7.1 of Chapter III in [3]). For all t G 

(3.44) IlieBs: «’”(i.*)>M+-^}|<(l-(f)")|BR|.. 

By an argument similar to the proof of Lemma 8.1 of Chapter III in [3], we have the following 
lemma. 

Lemma 3.9. If ()3.17j) is violated, for every u* G (0,1), there exists a number s* > si + 1 > so 
independent of oj and R such that 


1 


(x, t) € Q ( R, f-OQ “i?2 ) : u"^{x, t) > — 


CO 


< U* 


Q{R,^a^'^R^ 


with the constant ^4 = 2* 


By Lemma 13.91 u* decided a level and a cylinder so that the measure of the set where is 
above such a level can be smaller than u* on that particular cylinder. Hence, for sufficiently small 
number u* we have a similar assumption to the one in Lemma 13.51 Therefore, by an argument 
similar to the proof of Lemma 13.51 with 


-\p- 


CJ 


we can have the following result 
Lemma 3.10. The number u* can be chosen so that 

CO 


U^{x,t) <p+- a.e. 


Combining Lemma 13.51 with Lemma 13.101 we can obtain the following Osillation Lemma. 
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Lemma 3.11 (Oscillation Lemma). There exists constant 0 < A* < 1 such that if 


then 


osc u = uj = u' — a , 
Qr 


osc < X*U}. 


Theorem 3.12 (Holder estimates). There exists constant A* > 1 and /3 € (0,1) that can be 
determined a priori only in terms of the data, such that for all the cylinders 

osc < X*uj ((0 < r < i?). 

Q(r,iaQ“r2) \R/ 

Proof. The proof is very similar to the proof of Theorem 4.10 of m- For future references we will 
sketch the proof of the Holder estimates. Let k be positive integer. By the Oscillation Lemma 
fLemma l3.1ip . we get 

osc < (X*)^ uj, (A* < 1). 

Let 0 < r < i? be fixed. Then, there is a non-negative integer k such that 

R R 

2k+i ^ “ 2 ^’ 


This immediately implies the inequalities 

»:<-log2 ();)<*: +1 aid = 


1 / r \ - l°g 2 


Note that 


Hence 


1 - 


2«o+i 


osc 


< A* < 1 - 


2^*+! J ■ 

< X*oj(^Y 


where A* = ^ > 1 and 0 < /3 = — log 2 A* < 1. To complete the proof, we observe that the cylinder 
Q (p is included in Q iog" 


□ 


4. Uniqueness 

In this section we will prove that under some conditions on the weak solutions u and v of ( KSm ), 
there exists at most one weak solution of ( KSm ) on [0, oo). We first start with the well-known 
lemma. 

Lemma 4.1 (cf. Theorem 6 in [23]). Let Qr = Br{0) x (— r^,0] be the parabolic cube. If 

wt — Aw = f G in Qi, 

then 

Wt, D^w € LX’{Qi) 


\wt\ 


LP{Qi) 


+ 


\dW 


LP{Qi) - 
7 


c 


LP{Qi) 


w 


\\lp{Q 


i) 


and 
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We finish this work with stating the following result. 

Theorem 4.2 (Uniqueness of weak solution). Let m > 1, q > max (y + 1, 2), 7 > 0. Assume that 
initial data uq G nL°°(M”) and vq G L^(R^) with Vuq G L°°(]R"') satisfy the following additional 
conditions 

uo G Vo G for some 0 < a < 1. 

If u is a weak solution of (\KSml satisfying the properties 

ut G L^{Q,T-,L}^^{W^)), u{-,t) G for a.e. 0<t<T 

and 

u G nL«-™(0,r;L°°(M’")) nL™(0,r;L”"(M’")). 

In addition, we assume the following alternatives 

(1) In the case of 1 < m < 2 and in the case of m > 2 and q < m + 1, 

uGL'^ ; 

(2) In the case of m >2 and q > m + 1, 

Then, the weak solution {u, v) of on [0, T) is unique. 


Proof. Note that the proof of Case 1 is very similar to the proof of Theorem 2.1 
we only need to prove the Case 2. We will use a modification of the technique of 
theorem. Since 


of [22] . Hence 
to prove the 


(4.1) 


{u,v) is a weak solution of i\KSm\l on [0,T), we have 
f f [drU{x,T) ■ (j){x,T) +Vu^{x,t) ■'V(j){x,T) 

Ju 


— ^Vu(x,t) 


V(/>(x, r)) dxdr = 0 


for all 0 < ^ and for all 4> G li^ [0,T; H^{R^)) n C ((0, T); L°°(R"')) compactly supported 

in M*" for all t G [0,T) with (p{-,0) G L°°(M”). 

Let r] G C'^(R) be such that 0 < r/(s) < 1 for all s G R and 0 < ? 7 '(s) < 2 for all s > 0 and 


r]{s) 


0 for s < 0 

1 for s > 1 . 


Let (u, v) and (ft, v) be two weak solutions of \KS„ 
and all n = 1 , 2 , • • • . 


on [0,T). We define 7 fc(r) = r]{kr) for all r G 


(f := rjk (u™ - G L\0,T-, H\R^)) n C ((0, T); (R")) 

with G L°°(R”). It can be easily checked that supp(p{-,t) is compact in R"’ for all t G [0, T). 

As the test function, we apply this 4> to (14.11) . Then, for all 0 < ti < t 2 < T, 


(4.2) 

where 


and 



I 




ft”*) ifi ■ dr {u{x, t) — u{x, r)) dxdr := I + II 
V {u^ - ft™) • V {pk {u^ - ft™) • 'ifi) dxdr, 


II := r [ - ip-^Vv) ■ V (% (tt™ - ft™) • ipi) dxdr. 

Jti 
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By the chain rule, 


rt2 


I = - I I |V (u™ - dxdr 

Jti Jk.^ 

r]k {u^ - h™) V (n"* - u^) ■ dxdr. 



Define a domain Dk by 


Dk := < {x, t) G M” X (0, r) : 0 < t) — vJ^(x, t) < 


1 


Then, by Integration by parts and Young’s inequality. 



|2 „/ 


rw 


dxdr 


Thus, 

(4.3) 

where 


^ 3^ 2c? f 

I — TTJ / / 

J ti J DkDsupp'ipi 


r^2 


dxdr + 


Ii := I I \S/iu^-u^)-'iPidxdT. 

Jti JK" 

We next pay our attention to II. By simple computations, 

II = — I f V — u'^“^V'0) • rjk (u™ — u™') • ijji dxdr 





(u™ + u™) dxdr 







(4.4) 





(Vu?-^ - Vu''-^) ■Vv-r]k (u™ - u™) • il^i dxdr 


Vvd ■ (Vu — VD) • rik (tt™ — u™') • il^i dxdr 


rt2 


{yfl ^ • (Ac — AD) + (u'^ ^ AD) • rjk {u^ — D"*) • 'ipi dxdr 


= Ih + Ih + Ih- 

By an argument similar to the (4.16) of 
(4.5) 

/■to , 

I IL'-, 19-1 


Ih <cj^ (lln(r)lliA^ + llD(r)lliA^) \\{u-u)\\^, dr 

t2 


I hXm,q 


lit + \H'r)\\^^) dr 


rto 

+ C {1 — Xm,q) / 

J u 


2q—m—l 

Loo 


+ \Ht)\\'l--"" ^ ||(u-D)(T)||ii dr 
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for all 0 < ti < t 2 < T, where C = C{n, M, m, q, 7 ). 

By Lemma I 2 ..SI it holds that 


(4.6) 


Ih < 


-/ 

m Ju 


\q—m—l 


||Vir™(r)|| 


< C 


t2 


\u{t) 


I q—m—1 


l|Vn-(r)||^. 


l 2 ■ II (Vr; - Vv) (t )||^2 dr 
ll(u-h) (r )||^2 dr 


for all 0 < < ^2 < 7" with some positive constant where C = C{p,n). Applying Young’s inequality 

in (USD, we get 

(4.7) 

Ih<CeJ^ \\S/u'^{t)\\ 12 dT + ^ {\\u{t)\\l~-^ + \\u{t)\\l~-^) Wiu - u) dr 


for any e > 0 . 

By Holder estimates fTheorem l3.12l) . u,u ^ (M”, (0, 00 )) for some constant 0 < /3 < 1. Then, 

by standard Schauder’s estimates for the heat equation, Au and Ah are also Holder continuous in 
space and time. Hence, by Lemma 12.31 and Lemma l4.ll we have 


(4.8) 


Ih<C 



ll«(T)|liJ (||(?^ - 'C)(T)||ii + \\{u- u) (r)ll^i) dr 



u) (r) 


Ili 


dr 



u r 


iri 


(U - U IT 


Ili 


dr 


where C = C{n,q,'y). 

Substituting (j4.5p . (14.7p and (14.8p into ()4.4p . we have 
(4.9) 


II < 


T + (iV^o('r)llioo + ||h(T)f / il^idxdT 

4 Jti ^ 


+ C* (1 Xm,q) 


e Ju 


u 

L 


u r 


rt2 


,q-m 

\l°° 


ll2o—m—1 I II / 

uqII^Lj + ||u(r 


Dk 

1 2q—m—l 


+ ii'^('^) 

+ II«(t)IIl-™) II(^^-'“) ('r)llLi dr 


c (lk(T)||i<i + llh(T)lll^j) ||(u-h)(r)||^i dr 

+ Ce rHr)||i-™-' ||Vu™(T)||i 2 dr 

Ju 


i'L™ ||(u-h)(r)||^i dr 
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for all 0 < < f2 < T" where C = C{p, n, m, q, 7). 

Putting (I4.3jl and (I4.9jl into (I4.2j) . 

(4.10) 


rt2 


rjk {u^ — n”*) ■ ijji ■ dr (n(x, r) — u{x, r)) dxdr 


< 


2n 


,2 rt2 


dxdr + 


+ 


ti JDknsuppipi 

CkXm,q 
A: m 


^2 


^*2 


(n™ + h™) dxdr 
(l|Vi)o(r)||^oc + ||n(r)||^^) ^ Tpidxdr 


+ C{1- Xm,q) + \\Hr)\\l^-^-^ 

^ It + II*('^)IIlF') ||(^^-w)(r)||ii dr 

(ll'w(T)||i';o^ + ||n(r)|||^"^) ||(n-n)(T)||^i dr 

r \Hr)\\ll^-^\\Vu^{T)\\l,dT 
Ju 


+ 


+ C 


+ Ce 


ll(^ 


By Lebesgue dominated convergence theorem, 



Vk {u^ — 'w™') ■ 'fpi • dr iu{x, t) — u{x, r)) dxdr 
■ dr [u{x, t) — u{x, r)] , dxdr 


as A: —)■ 00 


Since by letting A; —> cx) in (I4.10|) . 

(4.11) 

/ • [u{x, t2) - u{x, t2)]+ dx 


rt2 


< [ -0; ■ [n(a;,ti) - n(x,ti)]^ dx + ^ / / {u^ + vJ^)dxdT 

Jw^ I- Jti 




+ C{l-Xm,g)J^ (ll'f^oll 

+ ~ I + \\H'r)\\L^)\\{u-u){T)\\Li dr 

+ ^It (ll'“('^)lli“^ + ll“Wlli-^) II('“““)('^)IIli 

rikWIli^r-' ||Vu-(T)||i2 dr 
Jti 


2q—m—l 

LOO 


+ C€ 


ll(^ 


-u){t)\\li dr 


-u){t)\\li dr 
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for all 0 < to < ti < T. 

Letting ti —>■ 0 and then ^ oo in (j4.11|) . we have by Fatou’s lemma that 

(4.12) 

/ [u{x, t 2 ) - u{x, ^ 2 )]+ dx 

<C{l-Xm,q) || (u - li) (t) || ^1 dx 

lo + II^('^)IIl-'") II(^-«)(^)IIli dr 

+ C'^ (ll'w(T)||i';o^ + \\{u-u){t)\\^i dr 

+ Ce r\\u{T)\\l-^-^\\Vu^{T)\\l,dT 
4o 

for all 0 < ti < T. 

By symmetry, we obtain that 

(4.13) 

/ [u{x,t 2 ) - u{x,t 2 )]j^ dx 

Jw^ 

< C{l-Xm,g) (11^0|| (« - fi) (t) ||^l dx 
+ {\\u{t)\\1~^ + ll*('r)|lL-”') ll(^-*)('r)llLi dx 

+ C'^ (ll'w(T)||i';o^ + ||u(r)|||^';o^) ||('u-ii)(T)||^i dx 

+ Ce r\\u{x)\\ll^-^\\V{r{x)\\l,dx 
4o 

for all 0 < to < < ^- Since 

|u(x,t2) - U{x,t2)\ = [u{x,t2) - U{x,t2)]^ + [ii(x,t2) - u{x,t2)]_^_ , 
by (|4.12p and ()4.13p . we establish 

II (ix - u) (t 2 )||ii (efi'i(T) + 5 ' 2 (t) II (ix - u) (t)||^i ) dx 

for all 0 < t 2 < T where C = C{n,m,q,x) and 

5 i(T) = ||il(r)||i-”*-'||Vxx™(T)||i. 

and 

92(t) = ii»(T)||jy + i|u(t)|||,;.' +1 (iiiiMiijy + HuMhj^"* ( 

+ (1 - .w) (ll-oll?»-”-‘ + + IWr)||it’’-‘ + l|fi(r)l|it’’-‘) . 

By standard O.D.E theory, we obtain that 

II(u - xx) (t2)|Li < C7ee/o^^^2(ri)dn T VO < t2 < T. 

Jo e-Zo 92(r3)dT3 
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Since 0 < t 2 < T and e > 0 are arbitrary, we conclude that 

u{x,t) = u{x,t) Vx G M”, 0 < t < r 

and the theorem follows. □ 
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